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ELMENDORF CONSTRUCTIONS FOR G-CATEGORIES AND
G-POSETS
JONATHAN RUBIN
Abstract. We introduce new Elmendorf constructions for equivariant cat-
egories and posets, and we prove that they are compatible with the classi-
cal topological one. Our constructions are more concrete than their model-
categorical counterparts, and they give rise to new proofs of the Elmendorf
theorems for equivariant categories and posets.
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1. Introduction
From the standpoint of homotopy theory, there are many different models for
topological spaces. Work of Kan [6] and others (cf. [5], [7], and [10]) established
that the homotopy theory of spaces is equivalent to the homotopy theory of simpli-
cial sets. Later on, Thomason [15] proved that the homotopy theory of simplicial
sets is equivalent to the homotopy theory of small categories, and more recently,
Raptis [12] proved that the homotopy theory of small categories is equivalent to
the homotopy theory of posets. All told, there are Quillen equivalences
Top⇆ sSet⇄ Cat⇄ Pos
between the categories of spaces, simplicial sets, small categories, and posets.
The same is true equivariantly. Let G be a discrete group. Then by work of
Bohmann-Mazur-Osorno-Ozornova-Ponto-Yarnall [3] and May-Stephan-Zakharevich
[8] there are Quillen equivalences
TopG ⇆ sSetG ⇄ CatG ⇄ PosG
between the corresponding categories of left G-actions. Thus, G-spaces may be
modeled by G-simplicial sets, small G-categories, and G-posets, but there are yet
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more models. Let OG denote the orbit category of G, i.e. the category of coset
spaces G/H and the G-equivariant maps between them. Let
Fun(OopG ,Top)← Top
G : Φ
be the functor that sends a G-space X to its presheaf of fixed point subspaces XH .
Then the functor Φ has an inverse
C : Fun(OopG ,Top)→ Top
G
up to weak equivalence. Here, a weak equivalence ofG-spaces is aG-map f : X → Y
such that fH : XH → Y H is a weak homotopy equivalence for all subgroupsH ⊂ G,
and weak equivalence of presheaves is a natural transformation λ : X ⇒ Y such
that each component of λ is a weak homotopy equivalence. In this sense, G-spaces
are also modeled by topological presheaves over OG.
The original construction of C is due to Elmendorf [4], and thus the existence
of homotopy inverse functors C : Fun(OopG ,Top) ⇄ Top
G : Φ is typically called
Elmendorf’s theorem. He defined C using a two-sided bar construction, and Pia-
cenza [9] later recast things in model categorical terms, with C being the derived
left adjoint to Φ. Elmendorf and Piacenza’s constructions have distinct advantages.
Piacenza’s approach generalizes to simplicial, categorical, and posetal contexts, and
it produces model-categorical proofs that G-simplicial sets, G-categories, and G-
posets can be modeled by presheaves over OG (cf. [3], [8], and [13]). On the other
hand, Elmendorf’s construction has the virtue of being simple and explicit. It uses
no heavy machinery, and it lends itself well to direct analysis (cf. [1, §4]).
The purpose of this paper is to give similarly direct Elmendorf constructions for
G-categories and for G-posets. We shall define two functors (cf. §3.1 and §4.3)
C : Fun(OopG ,Cat)→ Cat
G and C : Fun(OopG ,Pos)→ Pos
G
and then prove that they have the expected properties. These functors are ele-
mentary. The C functor for G-categories is a certain Grothendieck construction.
The C functor for G-posets is not simply the restriction of this functor, because
it generally outputs G-preorders. Therefore we must rectify it. Surprisingly, the
natural posetal quotient of a G-preorder does not usually have the correct equivari-
ant homotopy type, so we use a version of Milnor’s infinite join instead. This join
construction gives a functorial posetal resolution of every preorder, and it may be
of independent interest beyond this paper.
These constructions stand in sharp contrast to the model categorical analogues
of C. The latter involve cofibrant resolution in the relevant presheaf categories,
and while this is perfectly fine for theoretical considerations, these resolutions are
somewhat inexplicit and sometimes difficult to compute. Our constructions have
explicit formulas.
We now state our main results. Fix a discrete group G, not necessarily finite,
and let B = |·| ◦N : Cat→ Top denote the classifying space functor.
Theorems 3.2 and 4.7. Suppose C = Cat or Pos. Then for any orbit presheaf
X : OopG → C , there is a zig-zag of weak G-equivalences between CBX and BCX .
In the case C = Cat, this equivalence may be realized by a single map, and
in the case C = Pos, it may be realized by a zig-zag of two maps. Thus, our
Elmendorf constructions are direct lifts of the classical construction to the category
of small categories and to the category of posets.
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Next, let Φ denote the fixed point functor generically.
Theorems 3.3 and 4.8. Suppose C = Cat or Pos. Then the functors
C : Fun(OopG ,C )⇄ C
G : Φ
are inverse up to weak equivalence.
Here, a weak equivalence of categories or posets is a functor F : D → E such
that BF is a homotopy equivalence of spaces, a weak equivalence of presheaves is a
natural transformation λ : X ⇒ Y such that each component of λ is a weak equiva-
lence, and a weak equivalence of G-categories or G-posets is a G-functor F : D → E
such that BF is an equivalence of G-spaces. Thus, our Elmendorf constructions
really are Elmendorf constructions in the usual sense, and they reestablish the
equivalence between CG and Fun(OopG ,C ) when C = Cat or Pos.
We reiterate that the Elmendorf theorems for G-categories and G-posets were
already proven using model-categorical arguments in [3] and [8]. The point of this
paper is to give concrete formulas for the Elmendorf constructions, and to give new,
elementary proofs of the Elmendorf theorems for G-categories and G-posets. We
hope that our techniques will further facilitate the study of equivariant homotopy
theory through the lens of G-categories and G-posets.
Organization. In §2, we review some facts about G-categories, the Elmendorf
theorem, and homotopy colimits. In §3 we introduce the categorical Elmendorf
construction and then we prove it has the desired properties. In §4, we explain how
to resolve a G-preorder by a G-poset, and then we conclude with a discussion of
the posetal Elmendorf construction.
Acknowledgements. It is a pleasure to thank Mike Hill, Peter May, and Ange´lica
Osorno for many helpful conversations and for their incisive commentary. This work
was partially supported by NSF Grant DMS–1803426.
2. Preliminaries
The goal of this paper is to lift the Elmendorf construction to G-categories and
to G-posets. Our approach is motivated by two observations:
(1) the Elmendorf construction is a homotopy colimit, and
(2) homotopy colimits are modeled by Grothendieck constructions.
Accordingly, we begin by establishing conventions on G-categories, and then we
review Elmendorf’s theorem and Thomason’s homotopy colimit theorem.
2.1. G-categories. Let G be a discrete group, not necessarily finite. A (small) G-
category is a (small) category C , equipped with a homomorphism µ : G→ Aut(C ).
Thus, for every g ∈ G, we have an invertible functor g · (−) = µ(g) : C → C , and
these action maps satisfy the usual associative and unital laws.
A G-functor F : C → D between G-categories is a functor that preserves the
action maps, i.e. [g · (−)] ◦ F = F ◦ [g · (−)] for all g ∈ G. This means gFx = Fgx
and gFf = Fgf for every object x ∈ C , morphism f ∈ C , and g ∈ G.
A G-natural transformation between G-functors F,H : C ⇒ D is a natural
transformation η : F ⇒ H such that [g · (−)] ◦ η = η ◦ [g · (−)] as whiskered natural
transformations. This means gηx = ηgx for every x ∈ C and g ∈ G.
4 JONATHAN RUBIN
The collection of all small G-categories, G-functors, and G-natural transforma-
tions forms a 2-category, with componentwise vertical composition and the usual
horizontal composition. We write
(i) CatG for the 1-category of all small G-categories and G-functors,
(ii) CatG for the 2-category of all small G-categories, G-functors, and G-
natural transformations, and
(iii) FunG(C ,D) for the 1-category of all G-functors and G-natural transfor-
mations from C to D .
We shall frequently consider the fixed point subcategories of a G-category C .
For any subgroup H ⊂ G, the H-fixed subcategory CH is the subcategory of C
consisting of the H-fixed objects and the H-fixed morphisms between them. As
one might expect, H-fixed points are representable. Let (−)disc : Set→ Cat be the
discrete category functor, which sends a set X to the category Xdisc, whose object
set isX , and which has no nonidentity morphisms. Then there is an induced functor
(−)disc : SetG → CatG, and an isomorphism
FunG(G/Hdisc,C )
∼=
−→ CH ,
induced by evaluating G-functors and G-natural transformations at eH ∈ G/Hdisc.
The isomorphism above suggests a definition of the fixed point presheaf of C .
Since CatG is a 2-category, there is an enriched hom bifunctor
FunG(−,−) : (CatG)op ×CatG → Cat,
which sends a pair of G-categories (C ,D) to the category FunG(C ,D) and a pair
of G-functors (F,H) to the composition functor H ◦ (−) ◦ F . We thus obtain a
composite functor
FunG(−,−) ◦ [(−)disc × id] : OopG ×Cat
G → (CatG)op ×CatG → Cat,
and the transpose
Φ : CatG → Fun(OopG ,Cat)
is the fixed point functor.
For any G-category C , the presheaf ΦC sends G/H ∈ OG to Fun
G(G/Hdisc,C )
and f : G/K → G/H to the precomposition map f∗. Under the identification
FunG(G/Hdisc,C ) ∼= CH , the morphism ra : G/K → G/H , which maps eK to
aH , is sent to the multiplication map CK ← CH : a · (−). For any G-functor
F : C → D , the corresponding map ΦF : ΦC ⇒ ΦD is postcomposition by F .
Under the identification FunG(G/Hdisc,C ) ∼= CH , it corresponds to the restriction
of F to H-fixed objects and morphisms.
We think of a small G-category C as a model for a G-space. To construct a G-
space from C , we first apply the nerve functor N : Cat→ sSet and then we apply
the geometric realization functor |·| : sSet→ Top. We write B = |·| ◦N , and refer
to BC as the classifying space of C . Homotopical notions for spaces are transported
to categories along B. In particular, a G-functor F : C → D is a weak equivalence
if BF : BC → BD is a weak G-equivalence, and a weak equivalence λ : X ⇒ Y of
presheaves is a natural transformation that is a levelwise weak equivalence. In light
of the following proposition, a G-functor F is a weak equivalence of G-categories if
and only if ΦF is a weak equivalence of presheaves.
Proposition 2.1. Suppose G is a (possibly infinite) discrete group, H ⊂ G is a
subgroup, and K is a G-simplicial set. Then
∣∣KH∣∣ is naturally isomorphic to |K|H .
ELMENDORF CONSTRUCTIONS FOR G-CATEGORIES AND G-POSETS 5
Corollary 2.2. Suppose G is a (possibly infinite) discrete group, H ⊂ G is a
subgroup, and C is a G-category. Then B(CH) is naturally isomorphic to (BC )H .
Proposition 2.1 and its corollary seem to be known, but we could not find proofs
in the literature. When G is a finite group, they hold because geometric realization
preserves finite limits. It takes just a bit more work in the infinite case. The idea is
that the space |K|H is the subcomplex of H-fixed cells in |K|, but we give a more
categorical argument.
Proof of Proposition. The H-fixed points KH fit into an equalizer diagram
KH K
∏
h∈H K
i ∆
µ
where ∆ is the diagonal and the h-component of µ is the multiplication map h·(−) :
K → K. Applying geometric realization yields a diagram
∣∣KH ∣∣ |K| ∣∣∏h∈H K∣∣
∏
h∈H |K|
|i| |∆|
|µ|
∆
λ
κ
where the h-component of λ is the multiplication map |h · (−)| : |K| → |K|, and κ is
the canonical map. The top row of this diagram is an equalizer, because realization
preserves finite limits. The morphism κ is not a homeomorphism when H is infinite,
but κ ◦ |∆| = ∆, and κ ◦ |µ| = λ. Therefore ∆ ◦ |i| = λ ◦ |i|. It remains to show
that |i| is an equalizer of ∆ and λ.
So suppose X is a space and f : X → |K| is a continuous map such that
∆◦f = λ◦f . Choose an element x ∈ X . By the uniqueness of the representation of
elements of |K| in non-degenerate form (cf. [7, §14]), we may write f(x) = |kn, un|,
where kn ∈ Kn is non-degenerate, un is an interior point of ∆
n, and |kn, un| is the
class of (kn, un) in |K|. Then |kn, un| = |hkn, un| for every h ∈ H , and it follows
that kn = hkn for all h ∈ H , because hkn is also nondegenerate. Consequently,
|∆|(f(x)) = |(kn)h∈H , un| = |(hkn)h∈H , un| = |µ|(f(x)),
so that |∆|◦f = |µ|◦f . By the universal property of |i|, there is a unique morphism
f˜ : X →
∣∣KH ∣∣ such that |i| ◦ f˜ = f . This proves |i| is an equalizer of ∆ and λ. 
We now turn to topology.
2.2. The topological Elmendorf construction. Let G be a compact Lie group,
and let J : OG → Top
G be the inclusion. Given any presheaf X : OopG → Top, the
topological Elmendorf construction applied to X is the two-sided bar construction
CX = B(X ,OG, J).
This is the realization of the simplicial space, whose space of q-simplices is∐
G/H0,...,G/Hq∈OG
X (G/Hq)×OG(G/Hq−1, G/Hq)×· · ·×OG(G/H0, G/H1)×G/H0.
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From a conceptual standpoint, the functor C is the derived left adjoint to the fixed
point functor Φ : TopG → Fun(OopG ,Top), so one might hope that it is homotopy
inverse to Φ. This is precisely what Elmendorf proved.
Theorem 2.3 ([4, Theorem 1 and its Corollary]). The functors
C : Fun(OopG ,Top)⇄ Top
G : Φ
are inverse up to weak equivalence.
We could try to lift Elmendorf’s construction to G-categories and G-posets by
mimicking the preceding bar construction, but this is ill-advised. The bar construc-
tion is a colimit, and colimits of categories are usually intractable. Instead, we shall
use Thomason’s homotopy colimit theorem. We will review Thomason’s theorem
in the next section, but for now, we note that Thomason’s theorem does not quite
apply to the Elmendorf construction CX as written. Therefore we must repackage
the data in B(X ,OG, J).
When G is a discrete group, the spaces OG(G/H,G/K) and G/H are discrete
for all subgroups K,H ⊂ G. It follows that
Bq(X ,OG, J) ∼=
∐
G/Hq
fq
← · · ·
f1
← G/H0 in OG
a0H0 ∈ G/H0
X (G/Hq).
Now we move the elements a0H0 ∈ G/H0 into the indexing category.
Definition 2.4. Let OG,+ be the category whose objects are pairs (G/H, aH),
where G/H ∈ OG is an orbit and aH ∈ G/H is a coset, and whose morphisms
f : (G/H, aH)→ (G/K, bK) are G-maps f : G/H → G/K such that f(aH) = bK.
The group G acts functorially on OG,+ via
g · (G/H, aH) = (G/H, gaH) and g · f = f,
and there is a forgetful functor p : OG,+ → OG.
We obtain a further homeomorphism∐
G/Hq
fq
← · · ·
f1
← G/H0 in OG,
a0H0 ∈ G/H0
X (G/Hq) ∼=
∐
(G/Hq , aqHq)
fq
← · · ·
f1
← (G/H0, a0H0)
in OG,+
(X ◦ p)(G/Hq, aqHq),
and it becomes a G-homeomorphism if we let G act by permuting summands. The
right hand side is Bq(X ◦ p,OG,+, ∗), and we arrive at the following conclusion.
Proposition 2.5. Suppose G is a discrete group. For any X : OopG → Top, there
is a G-homeomorphism between CX = B(X ,OG, J) and B(X ◦ p,OG,+, ∗).
The space B(X ◦ p,OG,+, ∗) is the Bousfield-Kan model of hocolimOop
G,+
(X ◦ p)
[2, §12.5], which is precisely what Thomason’s theorem concerns.
2.3. Thomason’s homotopy colimit theorem. We now review the Grothendieck
construction and Thomason’s theorem. Let C be a small category, and let Cat de-
note the category of small categories. Recall that if F : C → Cat is a functor, then
the Grothendieck construction on F is the small category
∫
C
F , whose objects are
pairs (c, x) such that c ∈ C and x ∈ Fc, and whose morphisms (c, x) → (d, y) are
pairs (f, h) such that f : c → d in C and h : Ff(x) → y in Fd. Composition is
defined by (f ′, h′) ◦ (f, h) = (f ′ ◦ f, h′ ◦ Ff ′(h)), and id(c,x) = (idc, idx).
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Thomason’s homotopy colimit theorem states that Grothendieck constructions
are categorical models for homotopy colimits.
Theorem 2.6 ([14, Theorem 1.2]). Let F : C → Cat be a functor. Then there is
a natural homotopy equivalence
η : hocolimC NF
≃
−→ N
( ∫
C
F
)
,
where N : Cat→ sSet is the nerve functor.
We will need a precise description of Thomason’s map going forward, and con-
veniently, Thomason also uses the Bousfield-Kan model of the homotopy colimit.
Therefore we understand hocolimC NF to be the diagonal of the bisimplicial set,
whose space of q-simplices is ∐
c0 ← · · · ← cq in C
NF (cq).
Under this model, the map η : hocolimC NF → N(
∫
F ) sends a (q, q)-simplex
(c0
f1
← · · ·
fq
← cq︸ ︷︷ ︸
in C
, x0
h1← · · ·
hq
← xq︸ ︷︷ ︸
in F (cq)
)
to the q-simplex(
(c0, F (f1 · · · fq)(x0))
k1← (c1, F (f2 · · · fq)(x1))
k2← · · ·
kq
← (cq, xq)
)
,
where ki = (fi, F (fi · · · fq)(hi)).
We now have all the tools needed to prove the categorical Elmendorf theorem.
3. The construction for G-categories
With Proposition 2.5 and Thomason’s theorem in tow, we now explain how to
lift the Elmendorf construction to the category of small G-categories. We define
the categorical Elmendorf construction, and then we establish its basic properties.
3.1. The categorical Elmendorf construction. Here is the definition.
Definition 3.1. Let G be a discrete group, and suppose X : OopG → Cat is a
presheaf of categories. The categorical Elmendorf construction applied to X is the
Grothendieck construction
CX =
∫
O
op
G,+
(X ◦ p),
where p : OG,+ → OG is the forgetful functor (cf. Definition 2.4).
We unwind this. For any X : OopG → Cat:
(1) the objects of CX are triples (G/H, aH, x) such that G/H ∈ OG, aH ∈
G/H , and x ∈ X (G/H), and
(2) the morphisms of
∫
(X ◦ p) are pairs (f, h) : (G/H, aH, x)→ (G/K, bK, y)
such that (G/H, aH) ← (G/K, bK) : f in OG,+ and h : f
∗x → y in
X (G/K), where f∗ = X (f).
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Define a G-action on
∫
(X ◦ p) by setting g · (G/H, aH, x) = (G/H, gaH, x) and
g · (f, h) = (f, h).
Now let λ : X ⇒ Y . Define a G-functor Cλ : CX → CY by setting
Cλ(G/H, aH, x) = (G/H, aH, λG/H(x)) and Cλ(f, h) = (f, λG/K(h)),
where (f, h) : (G/H, aH, x)→ (G/K, bK, y). This makes C into a functor.
By Thomason’s theorem, we immediately obtain a nonequivariant equivalence
|η| : C(BX ) = hocolimOop
G,+
(B ◦X ◦ p)
≃
−→ B
∫
O
op
G,+
(X ◦ p) = B(CX ),
and we now prove that it respects the G-action.
Theorem 3.2. Let G be a discrete group. For any orbit presheaf X : OopG → Cat,
Thomason’s map
|η| : CBX → BCX
is a weak G-equivalence.
Proof. We show how to identify the maps that η induces on fixed points with other
instances of η. Let X : OopG → Cat be an orbit presheaf, let K ⊂ G be a subgroup,
and abbreviate OopG,+ to O and (O
op
G,+)
K to OK . Then
[ ∫
O
(X ◦ p)
]K
=
∫
OK
(X ◦ p)
∣∣∣
OK
,
because these categories are both the full subcategory of
∫
(X ◦ p) spanned by the
triples (G/H, aH, x) such that G/H ∈ OG, aH ∈ (G/H)
K , and x ∈ X (G/H).
Consequently, [
N
∫
O
(X ◦ p)
]K
= N
[ ∫
OK
(X ◦ p)
∣∣∣
OK
]
.
Next, we equip hocolimO(N ◦ X ◦ p) = diagB∗(N ◦ X ◦ p,OG,+, ∗) with a
G-action as follows. Let G act on the space
Bq(N ◦X ◦ p,OG,+, ∗) =
∐
(G/Hq, aqHq)← · · · ← (G/H0, a0H0)
in OG,+
(N ◦X )(G/Hq)
of q-simplices by permuting summands. This simplicial action induces a G-action
on diagB∗(N ◦X ◦ p,OG,+, ∗), whose geometric realization is the G-action on the
topological Elmendorf construction CBX . Moreover,
[diagB∗(N ◦X ◦ p,OG,+, ∗)]
K = diagB∗((N ◦X ◦ p)|OK ,O
K , ∗)
because on either side, the q-simplices are tuples(
(G/H0, a0H0)→ · · · → (G/Hq, aqHq)︸ ︷︷ ︸
in OG,+
, x0 ← · · · ← xq︸ ︷︷ ︸
in X (G/Hq)
)
such that a0H0, . . . , aqHq are all K-fixed.
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Thomason’s map η : hocolim(N ◦ X ◦ p) → N
∫
(X ◦ p) is G-equivariant, and
inspecting his formula shows that there is a commutative square
[
N
∫
O
(X ◦ p)
]K
[hocolimO(N ◦X ◦ p)]
K
N
[ ∫
OK
(X ◦ p)
∣∣∣
OK
]
hocolimOK (N ◦X ◦ p)|OK
==
ηK
η
.
The bottom map is an equivalence by Thomason’s homotopy colimit theorem, which
implies that ηK is an equivalence for all subgroups K ⊂ G. Applying the geometric
realization functor |·| : sSet → Top and using Proposition 2.1 to commute (−)K
with |·| shows that
|η|
K
: (CBX )K → (BCX )K
is a homotopy equivalence for all K. Hence |η| is a weak G-equivalence. 
3.2. Elmendorf’s theorem for G-categories. One would hope that the cate-
gorical Elemendorf construction C : Fun(OopG ,Cat) → Cat
G is homotopy inverse
to taking fixed points, but this is not automatic from Theorem 3.2. Therefore we
shall prove it.
Theorem 3.3. For any discrete group G, the functors
C : Fun(OopG ,Cat)⇄ Cat
G : Φ
are inverse up to natural weak equivalence.
The required transformations C ◦ Φ ⇒ id and Φ ◦ C ⇒ id are constructed in
Propositions 3.4 and 3.6.
Proposition 3.4. There is a natural weak equivalence ε : Φ ◦ C ⇒ id.
Proof. Let X : OopG → Cat be an orbit presheaf, and L ⊂ G be a subgroup. The
L-fixed subcategory of (CX )L is the full subcategory of CX spanned by the triples
(G/H, aH, x) such that aH ∈ (G/H)L. Construct a functor
(εX )L : (CX )
L → X (G/L)
as follows:
(1) Given any L-fixed object (G/H, aH, x), let ra : G/L→ G/H be the G-map
sending eL to aH , and let X (G/L) ← X (G/H) : r∗a be its image under
X . We define
(εX )L(G/H, aH, x)
def
= r∗ax.
(2) Given any morphism (f, h) : (G/H, aH, x)→ (G/K, bK, y) between L-fixed
triples, let ra : G/L → G/H and rb : G/L → G/K be as above, and note
that f ◦ rb = ra. We define
(εX )L(f, h)
def
= r∗bh : r
∗
ax = r
∗
bf
∗x→ r∗by.
Straightforward checks show that (εX )L is natural in L and X , i.e. ε is a natural
transformation ε : Φ ◦ C ⇒ idFun(Oop
G
,Cat).
It remains to check that εX : ΦCX ⇒ X is a weak equivalence for every X .
We shall construct a homotopy inverse to εL = (εX )L : (CX )
L → X (G/L) for
every G/L. Given any object x ∈ X (G/L), let ηL(x) = (G/L, eL, x) ∈ (CX )
L,
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and given any morphism f : x→ y in X (G/L), let ηL(f) = (idG/L, f). Then ηL is
a functor, and εL ◦ ηL = id. The composite ηL ◦ εL is not the identity, but
(ra, idr∗ax) : (G/H, aH, x)→ (G/L, eL, r
∗
ax) = ηLεL(G/H, aH, x)
defines a natural transformation id ⇒ ηL ◦ εL. Therefore the classifying space
functor B : Cat→ Top sends εL and ηL to homotopy inverse functions. It follows
that BεL is a homotopy equivalence for all L, and that ε : ΦCX ⇒ X is a levelwise
weak equivalence in Fun(OopG ,Cat). 
Remark 3.5. As with the topological Elemendorf construction, the map ηL does
not vary naturally in L. Nevertheless, ε is a natural weak equivalence.
Proposition 3.6. There is a natural weak equivalence ev : C ◦ Φ⇒ id.
Proof. Suppose C is a G-category, and consider CΦC . If (G/H, aH, x) is an object
of CΦC , then x ∈ CH , and if (f, h) : (G/H, aH, x)→ (G/K, bK, y) is a morphism
of CΦC , then h ∈ CK . Define a G-functor evC : CΦC → C by
evC (G/H, aH, x) = ax and evC
(
(f, h) : (G/H, aH, x)→ (G/K, bK, y)
)
= bh.
One readily checks that this defines a natural transformation ev : C ◦ Φ⇒ idCatG ,
and that ΦevC = εΦC . The natural transformation εΦC is a weak equivalence
by Proposition 3.4, and it follows that evC is also a weak equivalence, because Φ
creates such morphisms. Therefore ev is a natural weak equivalence. 
3.3. Example: equivariant universal spaces. With the basic properties of the
categorical Elmendorf construction established, we now consider an example. Equi-
variant universal spaces arise from the simplest orbit presheaves, and testing on
them reveals a fundamental issue with the posetal Elmendorf construction.
Let F be a family of subgroups of G, and let XF : O
op
G → Cat be defined by
XF (G/H) =
{
∗ if H ∈ F
∅ if H /∈ F
,
where ∗ is the terminal category and ∅ is the initial one. The closure of F under
subconjugacy ensures that XF is a well-defined presheaf of categories.
Now regard a preorder P as a category with at most one morphism x→ y for any
x, y ∈ P . Given such a category P, we recover a preorder on Ob(P) by declaring
x ≤ y if there is a morphism x → y. Then XF is actually a presheaf of posets,
but this does not quite imply that CX is a poset. Indeed, applying the Elmendorf
construction to XF yields a G-preorder CXF , whose underlying G-set is
CXF =
∐
H∈F
G/H,
and whose order relation is
(H, aH) ≤ (K, bK) if and only if aHa−1 ⊃ bKb−1.
Specializing to the case F = {e}, we obtain
CX{e} = G/e
with x ≤ y for all x, y ∈ G/e. This is the standard categorical model of EG.
On the other hand, the categorical Elmendorf construction does send presheaves
of preorders to G-preorders.
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Lemma 3.7. If X : OopG → Cat is valued in preorders, then CX is a G-preorder.
The proof is straightforward. This lemma is the starting point for our posetal
Elmendorf construction.
4. The construction for G-posets
In this section, we explain how to lift Elmendorf’s construction to the category
of G-posets. The natural guess is to restrict the categorical Elmendorf construction
CX ∼=
∫
(X ◦p) to presheaves of posets. The result is guaranteed to be aG-preorder
by Lemma 3.7, but it need not be a G-poset, as demonstrated by the presheaves
XF in §3.3. Therefore we must devise a method for converting G-preorders into
G-posets, without changing their equivariant homotopy type.
4.1. Posetal quotients. There is an adjunction (−) : Preord⇄ Pos : i between
the category of preorders and the category of posets. The right adjoint i is the
inclusion functor, and the left adjoint (−) sends a preorder to its posetal quotient.
This is the poset obtained by taking the quotient of a preorder (P,≤) by the
equivalence relation
x ∼ y if and only if x ≤ y and y ≤ x,
and then declaring [x] ≤ [y] if x ≤ y for some choice of representatives.
For any preorder P , there is a quotient map π : P → P , and choosing a set of
representatives for ∼ defines a section P ← P : s. Thus π ◦ s = id. The composite
s ◦ π is not the identity, but for any x ∈ P , we have x ≤ s[x] ≤ x, i.e. there are
natural transformations idP ⇒ s ◦ π ⇒ idP . On passage to classifying spaces, we
obtain a homotopy equivalence BP ≃ BP .
Unfortunately, the equivalence BP ≃ BP does not hold equivariantly.
Counterexample 4.1. Consider the G-preorder P = CX{e} from §3.3. Then
P = ∗, and applying the classifying space functor gives BP ≃ EG and BP = ∗.
We need another construction. In keeping with the rest of homotopy theory, we
avoid taking a quotient and instead construct a resolution.
4.2. Posetal resolutions. We now explain how to resolve a preorder by a poset,
in such a way that preserves equivariant homotopy types.
By way of motivation, consider the space EG once more. Then
EG ≃ B(∗, G,G) = BCX{e},
but the space EG can also be modeled by the Milnor join
EG ≃ colim G ∗G ∗ · · · ∗G︸ ︷︷ ︸
n times
.
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When G = {g1, . . . , gn} is a finite group, the Milnor join is the classifying space of
the countably infinite poset
g1 g2 . . . gn
g1 g2 . . . gn
g1 g2 . . . gn
...
...
...
...
,
where each vertex gi represents an element of the poset, and each upward edge
represents an order relation ≤. The classifying space of the first row is G, the
classifying space of the first two rows is the join G ∗G, and so on.
Formally, the poset above is the set MG = G× N equipped with the relation
(x,m) < (y, n) if and only if m < n.
The classifying space BMG is nonequivariantly contractible because MG is a fil-
tered poset (cf. [10, §1]), and the group G acts freely on BMG because it acts freely
onMG. Therefore BMG ≃ EG. The first coordinate projection π :MG→ CX{e}
is order-preserving, and it induces an equivalence on classifying spaces. Therefore
we regard MG as a posetal resolution of CX{e}.
We now generalize this M construction to arbitrary G-preorders.
Definition 4.2. Suppose (P,≤) is a G-preorder. We define MP to be the set
MP = P × N
equipped with the partial order
(x,m) < (y, n) if and only if x ≤P y and m < n.
We define a G-action onMP by g ·(x,m) = (gx,m) for all g ∈ G and (x,m) ∈MP .
This makes MP into a G-poset.
Next, given any map f : P → Q of G-preorders, we define
Mf = f × id :MP →MQ.
This makes M into a functor M : PreordG → PosG.
The first coordinate projection π : MP → P is a natural order-preserving G-
map, and we now prove that is a resolution of P . We begin with the nonequivariant
result. In the following argument, we understand a subposet of a poset Q to be a
subset S ⊂ Q equipped with the restriction of Q’s order relation, i.e. if x, y ∈ S,
then x ≤S y if and only if x ≤Q y.
Proposition 4.3. For any nonequivariant preorder P , the projection π :MP → P
induces a weak equivalence Bπ : BMP → BP .
Proof. We compute the comma categories of π :MP → P and then apply Quillen’s
Theorem A. Consider the comma category x ↓ π for some x ∈ P . It can be
identified with the subposet {(y, n) ∈ MP |x ≤ y in P} ⊂ MP , and the latter
contains π−1[x] = {(y, n) ∈ MP |x ≤ y ≤ x in P} as a subposet. Here [x] denotes
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the equivalence class of x under the relation in §4.1. We claim that the inclusion
i : π−1[x] →֒ x ↓ π is a homotopy equivalence.
Define a monotone map r : x ↓ π → π−1[x] by
r(y, n) =
{
(y, n) if y ∈ [x]
(x, n) if y /∈ [x]
.
Then r ◦ i = id : π−1[x] → π−1[x] and Br ◦ Bi is the identity on B(π−1[x]). The
composite i ◦ r is not the identity, but it is connected to the identity through a
zig-zag of inequalities. Let s : x ↓ π → x ↓ π be the monotone map defined by
s(y, n) =
{
(y, n) if y ∈ [x]
(y, n+ 1) if y /∈ [x]
.
Then (y, n) ≤ s(y, n) ≥ ir(y, n) for all (y, n) ∈ x ↓ π. Therefore Bi ◦ Br is
homotopic to the identity on B(x ↓ π), and therefore Bi : B(π−1[x]) → B(x ↓ π)
is a homotopy equivalence.
Now for any (y,m), (z, n) ∈ π−1[x], we have the inequalities y ≤ x ≤ z, and
therefore (y,m) < (z, n) if and only if m < n. It follows π−1[x] is filtered, be-
cause any two elements (y,m) and (z, n) are bounded above by (x,max(m,n)+ 1).
Therefore B(x ↓ π) ≃ B(π−1[x]) ≃ ∗, and Quillen’s Theorem A implies that
Bπ : BMP → BP is a homotopy equivalence. 
Now we boost Proposition 4.3 up to an equivariant result. Unlike the posetal
quotient π : P → P , the projection map π :MP → P plays well with the G-action.
Theorem 4.4. Let G be a discrete group. For any G-preorder P , the natural
projection π :MP → P is a weak equivalence of G-preorders.
Proof. For any subgroup H ⊂ G, there is an equality (MP )H =M(PH) of posets,
and a commutative square
(MP )H PH
M(PH) PH
πH
π
= =
.
By Proposition 4.3, the bottom map is an equivalence on classifying spaces, and
therefore the top map is, too. Thus πH is an equivalence for all subgroups H ⊂ G,
i.e. Φπ is an equivalence, and therefore π is also an equivalence because Φ creates
these morphisms. 
Corollary 4.5. The functors M : PreordG ⇄ PosG : inc are inverse up to natural
weak equivalence.
4.3. The Elmendorf theorem for G-posets. We conclude by discussing El-
mendorf’s theorem for G-posets. For clarity, we shall write Ccat for the categorical
Elmendorf construction and Cpos for the posetal one.
Definition 4.6. Let G be a discrete group, and suppose X : OopG → Pos is a
presheaf of posets. The posetal Elmendorf construction applied to X is
CposX =MCcatX ,
where Ccat and M are the functors from Definitions 3.1 and 4.2.
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Unwinding everything shows that the underlying G-set of CposX is∐
G/H∈OG
G/H ×X (G/H)× N,
withG acting on theG/H factors only. Its elements are quadruples (G/H, aH, x,m),
where G/H ∈ OG, aH ∈ G/H , x ∈ X (G/H), and m ∈ N. The partial order on
CposX is defined by
(G/H, aH, x,m) < (G/K, bK, y, n) if and only if


aHa−1 ⊃ bKb−1,
r∗b−1ax ≤ y in X (G/K),
and m < n
where rb−1a : G/K → G/H sends eK to b
−1aH .
As with the categorical Elmendorf construction, the posetal Elmendorf construc-
tion is compatible with the original.
Theorem 4.7. Let G be a discrete group. For any orbit presheaf X : OopG → Pos,
there is a zig-zag of natural weak G-equivalences between CBX and BCposX .
Proof. The maps
CBX
|η|
−→ B
(∫
OG,+
(X ◦ p)
)
= BCcatX
Bpi
←− BCposX
are both weak G-equivalences by Theorems 3.2 and 4.4. 
Moreover, the posetal Elmendorf theorem holds for Cpos.
Theorem 4.8. For any discrete group G, the functors
Cpos : Fun(O
op
G ,Pos)⇄ Pos
G : Φ
are inverse up to natural weak equivalence.
Proof. There are equivalences
ΦCposX = ΦMCcatX
Φpi
−→ ΦCcatX
ε
−→ X
by Theorem 4.4 and Proposition 3.4, and there are equivalences
CposΦX =MCcatΦX
pi
−→ CcatΦX
ev
−→ X
by Theorem 4.4 and Proposition 3.6. 
References
[1] A.J. Blumberg and M.A. Hill. Equivariant stable categories for incomplete systems of trans-
fers. Preprint. arXiv:1909.04732.
[2] A.K. Bousfield and D.M. Kan. Homotopy limits, completions and localizations. Lecture Notes
in Mathematics, Vol. 304. Springer-Verlag, Berlin-New York, 1972. v+348 pp.
[3] A.M. Bohmann, K. Mazur, A.M. Osorno, V. Ozornova, K. Ponto, and C. Yarnall. A model
structure on GCat. Women in topology: collaborations in homotopy theory, 123–134, Con-
temp. Math., 641, Amer. Math. Soc., Providence, RI, 2015.
[4] A.D. Elmendorf. Systems of fixed point sets. Trans. Amer. Math. Soc. 277 (1983), no. 1,
275–284.
[5] P. Gabriel and M. Zisman. Calculus of fractions and homotopy theory. Ergebnisse der Math-
ematik und ihrer Grenzgebiete, Band 35 Springer-Verlag New York, Inc., New York 1967
x+168 pp.
[6] D.M. Kan. On c. s. s. complexes. Amer. J. Math. 79 (1957), 449–476.
[7] J.P. May. Simplicial objects in algebraic topology. Van Nostrand Mathematical Studies, No.
11 D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto, Ont.-London 1967 vi+161 pp.
ELMENDORF CONSTRUCTIONS FOR G-CATEGORIES AND G-POSETS 15
[8] J.P. May, M. Stephan, and I. Zakharevich. The homotopy theory of equivariant posets. Cah.
Topol. Ge´om. Diffe´r. Cate´g. 58 (2017), no. 2, 82–114.
[9] R.J. Piacenza. Homotopy theory of diagrams and CW-complexes over a category. Canad. J.
Math. 43 (1991), no. 4, 814–824.
[10] D.G. Quillen. Homotopical algebra. Lecture Notes in Mathematics, No. 43 Springer-Verlag,
Berlin-New York 1967 iv+156 pp.
[11] D.G. Quillen. Higher algebraic K-theory. I. Algebraic K-theory, I: Higher K-theories (Proc.
Conf., Battelle Memorial Inst., Seattle, Wash., 1972), pp. 85–147. Lecture Notes in Math.,
Vol. 341, Springer, Berlin 1973.
[12] G. Raptis. Homotopy theory of posets. Homology Homotopy Appl. 12 (2010), no. 2, 211–230.
[13] M. Stephan. On equivariant homotopy theory for model categories. Homology Homotopy
Appl. 18 (2016), no. 2, 183–208.
[14] R.W. Thomason. Homotopy colimits in the category of small categories. Math. Proc. Cam-
bridge Philos. Soc. 85 (1979), no. 1, 91–109.
[15] R.W. Thomason. Cat as a closed model category. Cahiers Topologie Ge´om. Diffe´rentielle 21
(1980), no. 3, 305324.
University of California Los Angeles, Los Angeles, CA 90095
E-mail address: jrubin@math.ucla.edu
